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In this brief note, we give a combinatorial proof of a variation of Gauss’s q-binomial
theorem, and we determine arithmetic properties of the overpartition function modulo 8.
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1. Introduction
An overpartition of n is a non-increasing sequence of natural numbers whose sum is n in which the first occurrence of a
number may be overlined. Let p(n) denote the number of overpartitions of an integer n. For convenience, define p(0) = 1.
For example, p(3) = 8 because there are 8 possible overpartitions of 3:
3, 3, 2+ 1, 2+ 1, 2+ 1, 2+ 1, 1+ 1+ 1, 1+ 1+ 1.
Since the overlined parts form a partition into distinct parts and the non-overlined parts form an ordinary partition, we have
the generating function for overpartitions,
P(q) =
∑
n≥0
p(n)qn = (−q; q)∞
(q; q)∞ .
Here we use the following standard q-series notation:
(a; q)0 := 1,
(a; q)n := (1− a)(1− aq) · · · (1− aqn−1), n ≥ 1,
and
(a; q)∞ := lim
n→∞(a; q)n, |q| < 1.
A number of mathematicians have used the overpartition function to interpret or to prove combinatorially identities arising
from basic hypergeometric series. For more information and references in this direction, see [4,5,13]. Recently, many
arithmetic properties of the overpartition function have been proved. Formore information and references, see [6,7,9,10,12].
The purpose of this paper is to prove three theorems about overpartitions. In [11, 2.6.3], I. Pak suggested the problem of
finding a combinatorial proof of the following extension of Gauss’s q-binomial theorem.
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Theorem 1. For any complex numbers a, b and q satisfying |q| < 1 and |bq| < 1, we have
(1+ a)
n∑
r=m
(−abq; q)r−1bqr
(bq; q)r =
(−abq; q)n
(bq; q)n −
(−abq; q)m−1
(bq; q)m−1 .
Thus, first we will give a combinatorial proof of Theorem 1 by interpreting each side of the identity as a generating function
for a certain class of overpartitions.
In [7], M.D. Hirschhorn and J.A. Sellers conjectured the following congruence relation. If p is an odd prime and r is a
quadratic nonresidue modulo p, then
p(pn+ r) ≡
{
0 (mod 4), if p ≡ ±3 (mod 8),
0 (mod 8), if p ≡ ±1 (mod 8), (1.1)
for all integers n. Hence, our second task is to prove that this conjecture is true.
Theorem 2. The congruences (1.1) are true.
Thirdly, by using a similar argument, we will prove the following theorem.
Theorem 3. Let n be an integer, then
p(n) ≡ 2 (mod 8), if n is a square of an odd number,
p(n) ≡ 4 (mod 8), if n is a double of a square,
p(n) ≡ 6 (mod 8), if n is a square of an even number,
p(n) ≡ 0 (mod 8), otherwise.
We also give a second, completely different proof of Theorem 3.
2. Proofs of theorems
Proof of Theorem 1. First, we need to interpret (1 + a)(−abq; q)n−1bqn/(bq; q)n. The quotient 1/(bq; q)n generates
partitions into parts less than or equal to n, and the exponent of b is the number of parts. The product (1+a)(−abq; q)n−1bqn
generates partitions into distinct parts less than or equal to n with the largest part n. We overline parts which come from
(−abq; q)n−1 and abqn. Thus,
(1+ a) (−abq; q)n−1bq
n
(bq; q)n
generates overpartitions where the largest part is n, the exponent of a is the number of overlined parts, and the exponent of
b is the number of parts. Therefore, the left side of Theorem 1 is the generating function for overpartitions with the largest
part varying from m to n, the exponent of a is the number of overlined parts, and the exponent of b is the number of parts.
Second, let us investigate (−abq;q)n
(bq;q)n . By similar reasoning, this generates the overpartitions whose parts are less than or equal
to n, the exponent of a is the number of overlined parts, and the exponent of b is the number of parts. Thus, if the largest part
of the overpartition generated by (−abq;q)n
(bq;q)n is less thanm, it is also generated by
(−abq;q)m−1
(bq;q)m−1 . Thus the right side of Theorem 1
generates the same overpartitions as the left side. This completes proof. 
Remark. This identity was given in [1]. Our bijection is an extension of the standard bijection for the q-binomial theorem
presented in Pak’s survey [11]. For the original presentation, readers might want to consult [2].
Before proving Theorem 2, let us recall a basic definition and a lemma we need. Let
ϕ(q) =
∞∑
n=1
qn
2
.
Then, the coefficients of ϕ(q)k =∑n≥0 ck(n)qn are the number of representations of n = n21 + · · · + n2k , where each ni is
a positive integer and different orders are counted as different.
The following lemma given in [10] is a key to our proof of Theorem 2.
Lemma 4.
P(q) = 1+
∞∑
k=1
2k
∞∑
n=1
(−1)n+kck(n)qn.
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Reducing this expression modulo 8 we obtain
P(q) ≡ 1+ 2
∞∑
n=1
(−1)n+1c1(n)qn + 4
∞∑
n=1
(−1)nc2(n)qn (mod 8). (2.1)
Now we are ready to prove Theorem 2.
Proof of Theorem 2. First, it is clear that c1(pn + r) = 0 for all integers n, because r is a quadratic nonresidue. Thus, it
suffices to show that c2(pn + r) is always even when p ≡ ±1 (mod 8). Suppose that pn + r = x2 + y2, where x and y
are positive integers. Since we count different orders as distinct representations, if x and y are not the same integer, then
we have two distinct representations, namely x2 + y2 and y2 + x2. Thus, if there is no integer solution for the equation
pn+ r = 2x2, then c2(pn+ r) is always even. Reducing this equation modulo p, we deduce that
r ≡ 2x2 (mod p),
2p−2r ≡ x2 (mod p),
since 2p−1 ≡ 1 (mod p). Note that p− 2 is an odd integer; thus(
2p−2r
p
)
=
(
2
p
)p−2 ( r
p
)
= −
(
2
p
)
= −(−1)(p2−1)/8.
Therefore, when p ≡ ±1 (mod 8), c2(pn+ r) is always even. This completes the proof. 
First proof of Theorem 3. The argument in the proof of Theorem 2 indicates that c2(n) ≡ 0 (mod 2) if and only if there is
no integer x such that n = 2x2. Thus, we can easily check that for every integer n,
c1(n) = 1, c2(n) ≡ 0 (mod 2), if n is a square of an odd number,
c1(n) = 0, c2(n) ≡ 1 (mod 2), if n is a double of a square,
c1(n) = 1, c2(n) ≡ 0 (mod 2), if n is a square of an even number,
c1(n) = 0, c2(n) ≡ 0 (mod 2), otherwise.
By (2.1), these imply the claimed congruences. 
Even though the first proof of Theorem 3 gives complete information of the overpartition function modulo 8, it does
not give sufficient explanation about why the number of representations of n as a sum of squares plays an important
role in the proof. Thus, we give a second, more combinatorial proof. Before beginning the second proof of Theorem 3,
we need some observations. By the definition of overpartitions, given an ordinary partition λ, there are 2ω(λ) distinct
overpartitions, where ω(λ) is the number of distinct parts in λ, since we have two choices for each distinct part. Let pk(n)
denote the number of partitions of n such that the number of distinct parts is exactly k. For example, p2(5) = 5, since
5 = 4+ 1 = 3+ 2 = 3+ 1+ 1 = 2+ 2+ 1 = 2+ 1+ 1+ 1. Thus, we have
p(n) =
∑
k
2kpk(n). (2.2)
Reducing this modulo 8, we obtain
p(n) ≡ 2p1(n)+ 4p2(n) (mod 8). (2.3)
It is clear that p1(n) = d(n), where d(n) is the number of the divisors of n. It is not hard to see that
∑
n≥1
2p2(n)qn =
(∑
k≥1
qk
1− qk
)2
−
∑
k≥1
(
qk
1− qk
)2
. (2.4)
By (2.4), we can express p2(n)with familiar functions, namely,∑
n≥1
2p2(n)qn =
(∑
k≥1
d(k)qk
)2
−
(∑
k≥1
(
qk
1− qk
)2
+
∑
k≥1
qk
1− qk
)
+
∑
k≥1
qk
1− qk
=
(∑
k≥1
d(k)qk
)2
−
∑
k≥1
qk
(1− qk)2 +
∑
k≥1
d(k)qk
=
(∑
k≥1
d(k)qk
)2
−
∑
k≥1
σ(k)qk +
∑
k≥1
d(k)qk,
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where σ(n) is the sum of the divisors of n. Thus, we have
2p2(n) =
n−1∑
k=1
d(k)d(n− k)− σ(n)+ d(n). (2.5)
By (2.3) and (2.5), we have
p(n) ≡ 2
n−1∑
k=1
d(k)d(n− k)− 2σ(n)+ 4d(n) (mod 8). (2.6)
Note that d(n) is odd if and only if n is a square. Thus, we find that
p(n) ≡ 2
∑
x2+y2=n
d(x2)d(y2)− 2σ(n)+ 4d(n) (mod 8)
≡ 4
∑
x2+y2=n,x>y
d(x2)d(y2)+ 2d(n/2)2 − 2σ(n)+ 4d(n) (mod 8)
≡ 4
∑
x2+y2=n,x>y
1+ 2d(n/2)2 − 2σ(n)+ 4d(n) (mod 8)
≡ 2c2(n)− 2χ(n/2)+ 2d(n/2)2 − 2σ(n)+ 4d(n) (mod 8),
where χ(n) = 1 when n is a square of an integer and 0 otherwise, and d(n/2) = 0 whenever n/2 is not an integer. Then,
we can easily see that
−2χ(n/2)+ 2d(n/2)2 ≡ 0 (mod 8).
By [3, Theorem 3.2.1] and the inclusion-exclusion principle, we can easily deduce that
c2(n) = d1,4(n)− d3,4(n)− χ(n), (2.7)
where di,4(n) is the number of the divisors which are congruent to imodulo 4. Therefore, we obtain
p(n) ≡ 2d1,4(n)− 2d3,4(n)− 2χ(n)− 2σ(n)+ 4d(n) (mod 8). (2.8)
Suppose that n has the prime factorization
2apr11 · · · prkk qs11 · · · qsll ,
where the pi’s are primes congruent to 1modulo 4 and the qj’s are primes congruent to 3modulo 4. It is easy to observe that
d1,4(n)− d3,4(n) =
{
(r1 + 1) · · · (rk + 1), if all si’s are even,
0, otherwise. (2.9)
Now we are ready to give the second proof of Theorem 3.
Second proof of Theorem 3. We will consider the following three cases according to the parity of ri and sj:
(Case 1) There is an sj that is odd.
By (2.8) and (2.9),
p(n) ≡ −2σ(n) (mod 8).
Note that
σ(n) = (2a+1 − 1)
∏
i
(
ri∑
k=0
pki
)∏
j
(
si∑
k=0
qki
)
. (2.10)
Since
∑k=sj
k=0 q
k
j ≡ 0 (mod 4), we can conclude that p(n) ≡ 0 (mod 8) for such n.
(Case 2) All sj’s are even and there is an ri that is odd.
By (2.8) and (2.9), we have
p(n) ≡ 2(r1 + 1) · · · (rk + 1)− 2σ(n) (mod 8).
By (2.10),
σ(n) ≡
{
(r1 + 1) · · · (rk + 1) (mod 4), if a = 0,
3(r1 + 1) · · · (rk + 1) (mod 4), otherwise. (2.11)
Thus, by (2.11), p(n) ≡ 0 (mod 8) for such n regardless of a.
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(Case 3) All the ri’s and sj’s are even.
Suppose that a is 0. Then, n is a square; thus by (2.8) and (2.11), we deduce that
p(n) ≡ 2(r1 + 1) · · · (rk + 1)− 2− 2σ(n)+ 4 ≡ 2 (mod 8).
Hence, p(n) ≡ 2 (mod 8)when n is a square of an odd number.
Suppose that a is odd. Then, n is a double of square and by (2.8) and (2.11) again,
p(n) ≡ 2(r1 + 1) · · · (rk + 1)− 2σ(n) (mod 8)
≡ 4(r1 + 1) · · · (rk + 1) (mod 8)
≡ 4 (mod 8).
Hence, p(n) ≡ 4 (mod 8)when n is a double of a square.
Suppose that a is even. Then, n is a square of an even number, and by (2.8) and (2.11) again,
p(n) ≡ 2(r1 + 1) · · · (rk + 1)− 2− 2σ(n)+ 4 (mod 8)
≡ 4(r1 + 1) · · · (rk + 1)+ 2 (mod 8)
≡ 6 (mod 8).
Therefore, p(n) ≡ 6 (mod 8)when n is a square of an even integer.
Having considered all the three cases, we complete the proof. 
3. Remarks
In an unpublished paper, Hirschhorn and Sellers also prove Theorems 2 and 3 by using a method similar to the first proof
of Theorem 3, but their approach also uses the relation between the generating function for overpartitions and the number
of representations of n as a sum of squares. K. Mahlburg conjectured that for all positive integers k, p(n) ≡ 0 (mod 2k) for
almost all integers n. In [9], by using Lemma 4, the author showed that this is true for k = 7. However, it appears that we
need a new idea to prove this conjecture for k > 7. Much less is known for powers of 3. The readers may want to consult [8]
for more information.
Acknowledgments
The author would like to thank Bruce Berndt for his encouragement and help. The author also thanks Igor Pak and Ae
Ja Yee for their helpful comments. The author is also grateful to the referee for his/her comments on the second proof of
Theorem 3, which led to a more straightforward proof.
This paper was partially supported by a 2007 summer REGs program.
References
[1] K. Alladi, A fundamental invariant in the theory of partitions, in: Topics in Number Theory (University Park, PA, 1997), Kluwer Acad. Publ, Dordrecht,
1999, pp. 101–113.
[2] G.E. Andrews, Enumerative proofs of certain q-identities, Glasg. Math. J. 8 (1967) 33–40.
[3] B.C. Berndt, Number Theory in the Spirit of Ramanujan, American Mathematical Society, Providence, RI, 2006.
[4] S. Corteel, J. Lovejoy, Overpartitions, Trans. Amer. Math. Soc. 356 (2004) 1623–1635.
[5] S. Corteel, J. Lovejoy, A.J. Yee, Overpartitions and generating functions for generalized Frobenius partitions, Mathematics and Computer Science III:
Algorithms, Trees, Combinatorics, and Probabilities (2004) 15–24.
[6] J.-F. Fortin, P. Jacob, P. Mathieu, Jagged partitions, Ramanujan J. 10 (2005) 215–235.
[7] M.D. Hirschhorn, J. Sellers, Arithmetic properties for overpartitions, J. Comb. Math. Comb. Comput. (JCMCC) 53 (2005) 65–73.
[8] M.D. Hirschhorn, J. Sellers, An infinite family of overpartition congruences modulo 12, INTEGERS 5 (2005) Article A20.
[9] B. Kim, The overpartition function modulo 128 (submitted for publication).
[10] K. Mahlburg, The overpartition function modulo small powers of 2, Discrete Math. 286 (2004) 263–267.
[11] I. Pak, Partition bijections, a survey, Ramanujan J. 12 (2006) 5–75.
[12] S. Treneer, Congruences for the coefficients of weakly holomorphic modular forms, Proc. Lond. Math. Soc. 3 (93) (2006) 304–324.
[13] A.J. Yee, Combinatorial proofs of Ramanujan’s 1ψ1 summation and the q-Gauss summation, J. Comb. Theory A 105 (2004) 63–77.
